Modeling time-dependent system

STATE SPACE MODEL
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cell activity
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Hippocampal place cells recorded in the Wilson lab

Hideaki Shimazaki, Ph.D. http://goo.gl/ViSNG State-space model and recursive Bayesian filter 2



Two-stages analysis of neural signal
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Brown et al. Journal of Neuroscience 1998; 18: 7411-7425.
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Discrete-time Poisson-GLM

Covariate signal A kth-bin

\/\/\/xk’\/\/\/

Point process

P()’k le’ﬁ) = exp()’k log{kk (Xk’/)))A}_)Lk (Xk’ﬁ)A)

A (X, B)A = Pl
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State-space model

Hidden state ‘ —»‘ —». —». —». —».
A T T T
Observation ‘ ‘ ‘ ‘ ‘ ‘

( )

State model: Gaussian
Hyper-parameters:
X, ~ N( M,z) yper-p

x,=x_+& & ~N(0,Q) w=[Q.u.2]

Observation model: Point process (discretized)

P()’k ka’/?)) = eXP()’k log{}t’k (Xk’ﬁ)A}_Ak (Xk’/?))A)
A (X0 B) A = P8
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Posterior density of the state

i )
Bayes’ rule:
Posterior Likelihood Prior (State model)
| _P(y 1%, B) (X, 1 W)
p(Xl:K yl;K?ﬁaw) =
P (ylzK l /39 W)
i /5 ,W parameters
Evidence
) J

Once we construct the posterior, we can obtain
MAP estimate: the most likely path of the hidden state.

Credible interval: an analog of confidence interval in Bayesian estimation.

We obtain the joint posterior density => Bayesian recursive filter.
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Recursive Bayesian filter

One-step prediction ‘ y ‘ Filter
p(Xk |y1:k—1) ' ’ t p(xlik |y1:k)

Y- Y

Filter at k-th step Likelihood  One-step prediction
P()’k le’/?))p(Xk lylzk—l’ﬁ9w) S—
P()’k | Xk—l’ﬁ?w)

Bayes’ rule P(Xk Iylzk’ﬁ’w) -

‘ Chapman-Kolmogorov equation

p(xk |Y1:k_1’/3’w) = fp(Xk IXk—19W>'p<Xk—1 Iylzk—l’ﬁ’w)dxk—l

Filter density at (k-1)-th step )
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Recursive Bayesian filter

Filter distribution

Filter distribution

observation

Prediction
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Methods to obtain the posterior

Methods for obtaining the posterior density to name a few...

4 )
Analytical methods

Gaussian approximation (Laplace’s method).
Conjugate prior.

Expectation propagation.

Monte Carlo methods

Sequential importance resampling (Particle filter).

Markov chain Monte Carlo (MCMC).
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One-step prediction density
4 )

Filter distribution

Filter distribution

observation

Prediction

Chapman-Kolmogorov equation
p(Xk |Y1:k-1aw) = fp(xk IXk-l’W)'p(Xk-l |y1:k—1’[)”w)dxk—1
N (Xk—l’Q) N (Xk—llk—l’Wk—llk—l)

Assumption
One-step prediction is a normal density with
mean Xpk-1 = Xp_ii—1
\_ covariance Wy =W, ., +0 W,
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Filter density

Filter distribution

Filter distribution

observation

Prediction

t-1 t

Filter density Likelihood One-step prediction density
P()’k le’ﬁ)p(Xk |Y1:k-1’/3,w)

p(yk | Xk—l’/:)’7w)
o exply, log{ﬂ‘k (Xk’ﬁ)A} - A (Xk’ﬁ)A

1 _
_E(Xk ~ X1 )T Wklkl—l (Xk — X k-1 )]

p(Xk |y1:k’/3,w) =
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Log-concave functions

4 Rationale

Log-concave:
the function is log-concave if the logarithm of the function is concave.

Concave function.

Exponential family of distributions are in general log-concave
with respect to parameters in ‘natural form’.

A function obtained by multiplication of two log-concave functions
Is log-concave.

Log-concave « Log-concave Log-concave
p(Xk lylzk’ﬁ’w) x P(yk lxkaﬁ)p(xk | ylzk_l,ﬁ,W)

Paninski, L. (2005). Advances in NIPS 17 1025-1032
Boyd S. (2004). Convex Optimization
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Newton-Raphson method

(Newton-Raphson method to find a posterior mode \

Posterior mode (MAP estimate): Posterior mode

X, = argmaxf(xk)

Xk

Log-posterior:

1

f(Xk) = Yi log(A’kA) - )LkA - E(Xk ~ X1 )T Wkl_kl—l (Xk - Xklk—l)

Newton-Raphson method:
XL x0L (VVF) ™ Vf

. . 1d
Hessian Gradient evaluated at X,
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Gradient and Hessian

4 )
, dlog A _
gradient  Vf(x,)=(y, - A4A) af £~ W (X = X )
k
of (x log A log A log A
Hessian = f( kz Y ogT . lkAa e +()’k _)\‘kA)a O I} ~ Wiy
0X,0X, 0).¢ X, 0X,0X,
If we use a canonical link function A, ="
gradient Vf(Xk) = (yk - )LkA)/j - Wkal—l (Xk - Xklk—l)
Hessian H=-B"AAB-W;
N\ J
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Gaussian approximation

~

~
Laplace’s method for a Gaussian approximation
Filter mean: X, Vf(xk) =()
Filter covariance: W, W, =-H -l
Xklk
,
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Recursive nonlinear filtering

Filter distribution

Filter distribution

observation
0 Prediction
t-1 t
Recursive nonlinear filtering
One-step prediction
' : Xy =Xy + W, ( - A (x A) Solved by
Filter mean klk kle=1 k'k‘lﬁ Ve k ( klk ) ‘ Newton-Raphson Method

\

T

Observation error (innovation)

Filter covariance: Wy, =W, + B A, (X klk)Aﬁ

iy @

One-step prediction Information given by data at k-th step.
\§ /
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Filtering/Smoothing

Forward recursion £ =12--- K
One-step prediction
Mean X1 = X
Covariance W,  =W_  +Q
Recursive nonlinear filtering
Newton-Raphson Method
Covariance Wi, =W, +B" A (X )A/J’
L Klk klk-1 ke \ 2kl
-
Backward recursion f=K -1, K-2---.21
Fixed interval smoothing
— _ _ -1
Mean Xk =X T Ak [Xk+l|K Xk+1|k] Ak - Wk|ka+1|k
: T
Covariance Wk| = W;{lk + A [VVk+1| o= VVk+1|k]A .
.
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Joint estimation of posterior and parameters

Expectation-Maximization algorithm for joint estimation of posterior and
parameters. (ref. Smith & Brown, 2003)

-
E-step: Given the parameters, construct the posterior

Posterior Likelihood Prior
P(yI:K le:K’ﬁ)p(XI:K |W)

P (yl:K P ’W) Evidence
(marginal likelihood)

p(Xl:K | yl:K’[)”W) =

.

4 . . ..
M-step: Given the posterior, optimize the parameters

Optimization of the parameters bymaximizing the (marginal) likelihood.

Wy = argmax log P(y,. | B,w)
For this goal, we maximize a lower bound of the marginal likelihood (Q-function)

Q (Wnew | W) = EXI:KlyI:K ’ﬁ’w [log P (yl:K ’ XI:K | ﬁ, Wnew )]
Expected complete data log-likelihood.
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Derivation of the lower bound

-

\_

The marginal log-likelihood function can be bounded as follows. )
logp()’u{ |/3,Wnew)
= 10ng()71:K’X1:K lﬁawnew)kaK
P(ylzK’XI:K lﬁ’wnew)
=1 o | Vs By dx,.
ngp(xl.l( Vi P W) P(X1;K I)’l:K,/J),W) Xk
P X | : new \ |
~ log EXI:K|y1:K’ﬂ’W ()’1.1( X,k | B,W )
p(XI:K lylzKa/?)’W) _
P Yie-Xpx | B W™ -
= EX]:K'YI:K>ﬁaW Og ((IXK |1K [)) W) )
: PP D220 Entropy of the posterior
= ExlzKlykK,ﬁ,w _IOgP(ylzK’XI:K Iﬁ’wnew)]_Exl:KlykK,/J’,w [logp(xlzl( |y1:K’/3’W):|
Q-function Irrelevantto W™
Hence we obtain ew ew
10gP(y1:K|/5,W )ZQ(W |W) y
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Model selection

p(ylzT) - fp(ylzT’XlzT)dXI:T

Data Data Hidden state
é )
Bayesian model selection
p\y. IM
Bayes Factor B, (ykT) = ( = 1)
p (ylzT | M 2)
(Jeffrey 61, Kass&Raftery 95)
. J

Model Selection penalized by model dimension

ABIC=-2 logfp(ylzT,xtT | W)dXI:T + 2 x model dimension

Log-quadratic approximation
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APPLICATIONS OF THE
STATE-SPACE MODEL




The Journal of Neuroscience, September 15, 1998, 18(18):7411-7425

A Statistical Paradigm for Neural Spike Train Decoding Applied to

Position Prediction from Ensemble Firing Patterns of Rat
Hippocampal Place Cells

Emery N. Brown,' Loren M. Frank,? Dengda Tang," Michael C. Quirk,? and Matthew A. Wilson?
Two stages analysis
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—_— Place receptive fields
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Encoding model

4 N
Likelihood function o

k), 1) = [ TIATx @) IATO (A T Wexpf —ATx(,)IATO (AT

Conditional intensity fu:nctlon
AN(tlx(2), d(1), &) = Ailtlx(2), EAG(t|b (1), &)
Altle(), &) = GXP{ Qe — %(X(t) — ) W (x(1) — Mc)}
No(t| (1), &) = exp{Bc.cos(¢(t) — ¢c)}

Hippocampal place cell
receptive field model
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Theta phase modulation of spike rate
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Goodness-of-fit of the encoding model

-

\_

p-values of observed spike count
against a null hypothesis of a

Poisson model
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Decoding Stage
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Cells are more variable than

a Poisson

Residual analysis of the state-model

Probability Density

Partial Autocorrelation Function
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Test rejected a bivariate Gaussian
model.
Assumption of independence was
also rejected.
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J
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Recursive point-process filter

(o

osterior (Filter)

Data up to time t_k

Pr(x(ty)|spikes in (t,, t;]) = -
(x(t)|sp ) _ Observation
Data up to time t_k-1

Pr(x(ty)|spikes in (t,, Tx_,]) X Pr(spikes at t|x(ty), t;_;)
Pr(spikes at t|spikes in (t,, t;_,])

One-step prediction
Pr(x(t;)|spikes in (t,, t;_1])

= j Pr(x(ty—)|spikes in (t,, tp—1]) X Pr(x(tp)|x(te—))dx(t5—)
Filter at t_k-1

\_ State equation  x(#;) — x(#,—1) ~ N(0, W(Ay)) )
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Algorithm for a point process filter

(" )

One-step prediction equation: Posterior mode

A A (‘
,\(tk|tk—].) — .X(tk—1|tk—1):« — [W(fk|fk_])_l + 2 AC["?(tk|tk.)ﬂ B(A/\)]WC_I]_I
c=1

C
. . . -1 / -1 .
One-step prediction variance: X W (tglti—) "R (teltir) + D, Ac, 0 (AW el

c=1

W(’klfk—l) = Wi(Ap) + W(’k—1|’k—1)? A[x(tte), 0(AD] = 1.(tx) — X Tx(te|t)JATO (AT

ATO(AY] = f expi{B.cos(P(t) — de)jdt,

Filter density

Posterior variance:

Filter density

C
Observation W(tit) = [W(tdte-) " + E ALx(tlte), 6 (AW,
c=1

0 Prediction

c
"’Z N (1]t ) JATO (A TW (X (1] t) — o) (X (1]t — o) W

c=1

\_ J
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DECODING

-

’ - .
Bayes’ Filter ML Linear MC
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DECODING

-

\_
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Distance (cm)
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No difference.

ML was the second best,
however with a lot of outliers.
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An analysis of neural receptive field plasticity by
point process adaptive filtering ... coomo s won i o

Emery N. Brown*'*, David P. Nguyen*, Loren M. Frank**, Matthew A. Wilson$, and Victor SoloT

1D animal position wChange in themrecep'tlve fielda

L H w

4

n i
AR
spikes j £
W R R ] 0
Time (sec) 0
Conditional intensity model Update rule
(x(t) — p)? . 3l (6)
A(t|6) = exp{a — 552 } Ok = Ok—1 — 81‘—
Z a0 |, _ b,

6 = (a0, p)'
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Demo

Adaptive Estimate of CA1 Place Field

Distance (cm)
100 200

An analysis of neural receptive field plasticity by
point process adaptive filtering

Emery N. Brown**¥, David P. Nguyen*, Loren M. Frank*!, Matthew A. Wilson$, and Victor Solo"
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Neural Computation 16, 971-998 (2004)

Dynamic Analysis of Neural Encoding by Point Process
Adaptive Filtering

Uri T. Eden Loren M. Frank Riccardo Barbieri Victor Solo Emery N. Brown

A Linear Evolution

>
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« A full mathematical formulation of an adaptive point process filter.

» Fast approximation of the adaptive point process filter.

« Simulation study on (1) tracking place filed dynamics, (2) simultaneous estimation
of receptive field dynamics and arm trajectory (decoding).
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What we learned

Framework of a state-space model. ]

Recursive Bayesian filter (Laplace’s approximation).

Simultaneous estimation of posterior and parameters (EM-algorithm).

Model validation in a Bayesian framework (Bayes factor, ABIC),

Applications to neural decoding and plasticity.
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Relations between GLM and Max-ent

Bernoulli-GLM model Maximum entropy model
Neuron 1
Neuron2 | NRR HEEEN
Neuron 3
Neuron 4
=1 £ k=1 &
Conditional independence Joint probability mass function
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